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Ta dÔo jewr mata allag  me-

tablht  sto orismèno olokl -

rwma.

Prosegg�zonta didaktik� to

sqolikì bibl�o th G' Luke�ou.

F�nh Margar¸nh

1 Eisagwg .

Skopì th sugkekrimènh ergas�a e�nai na parousi�sei

ta dÔo jewr mata gia thn allag  metablht  se orismèno

olokl rwma kai tautìqrona na k�nei mia didaktik  pro-

sèggish se aut�, me �xona ti ask sei kai ton trìpo

parous�ash tou sqolikoÔ bibl�ou th G� Luke�ou.

To 1o je¸rhma e�nai sto sqolikì bibl�o th G� Lu-

ke�ou kai sthn Ôlh twn panellhn�wn exet�sewn. 'Omw

parousi�zetai w sqedìn {mhqanik } allag  th metablh-

t , qwr� idia�terh emb�junsh, en¸ esti�zei eterobar¸

stou dÔo dunatoÔ trìpou efarmog  tou jewr mato.

W {mhqanik } efarmog  (epeid  ja anaferje� arketè

forè sto ex ) ennooÔme thn efarmog  pou den bas�ze-

tai se ousiastik  gn¸sh twn jewrhm�twn, all� se mia

tupik  anaparagwg  mia exwterik  proèleush mejodo-

log�a.

To 2o je¸rhma e�nai ektì sqolik  Ôlh, par� ìla

aut� ja parousi�soume sÔntoma peript¸sei pou mpore�

na qrhsimopoihje�, epeid  afenì èqei k�poio endiafèron

kai sumplhr¸nei to pla�sio pou èqei na k�nei me thn al-

lag  metablht  sto orismèno olokl rwma, afetèrou e-

peid  ja to qreiastoÔme ìtan epiqeir soume na d¸soume

mia ermhne�a gia orismènh lanjasmènh qr sh tou 1ou je-

wr mato.

Ja prospaj soume na prosegg�soume to jèma me pa-

rade�gmata, r�qnonta par�llhle matiè sto sqolikì bi-

bl�o. Ja prote�noume skèyei gia th didaktik  axiopo�hsh

twn jewrhm�twn kai ja esti�soume se orismèna {jol�}

shme�a pou suqn� sunant�me. A xekin soume me to pr¸to

je¸rhma pou antikeimenik� ma afor� perissìtero, lìgw

exetastèa Ôlh.

2 To pr¸to je¸rhma.

Jewrhma 1. 'Estw sun�rthsh g orismènh kai suneq¸

paragwg�simh (up�rqei h g� kai e�nai suneq ) se èna di�-

sthma ∆ � �α,β�. 'Estw ep�sh mia sun�rthsh f orismènh

kai suneq  sto g�∆�. Tìte isqÔei

S

β

α
f �g�x�� � g��x�dx �

S

g�β�

g�α�
f�x�dx.

Apodeixh H sun�rthsh g e�nai suneq  sto kleistì

di�sthma ∆ � �α,β�, opìte to g �∆� � g ��α,β�� ja e�nai

kleistì di�sthma tou R, w sunèpeia tou Jewr mato

Endi�mesh Tim . Ep�sh h f e�nai suneq  sto kleistì

di�sthma g �∆�, opìte or�zetai par�gousa sun�rthsh th

f , èstw F , ¸ste F �

�x� � f�x�, gia k�je x > g �∆�. Tìte

ja e�nai:

S

β

α
f �g�x�� � g��x�dx �

S

β

α
F �

�g�x�� � g��x�dx �

S

β

α
�F �g�x���

�

dx �

�F �g�x���
β
α � F �g�β�� � F �g�α�� �1�.

Ep�sh:

S

g�β�

g�α�
f�x�dx �

S

g�β�

g�α�
F �

�x�dx �

�F �x��
g�β�

g�α�
� F �g�β�� � F �g�α�� �2�.

Apì ti sqèsei (1) kai (2) prokÔptei h zhtoÔmenh :

S

β

α
f �g�x�� � g��x�dx �

S

g�β�

g�α�
f�x�dx.

Parathrhsh 1. A. Den apaite�tai h g na e�nai 1-1. Ed¸

g�netai sÔgqush suqn� me to 2o je¸rhma, sto opo�o

ja anaferjoÔme sth sunèqeia.

B. H allag  metablht  mpore� na leitourg sei e�te {a-

pì to pr¸to sto deÔtero mèlo}, e�te ant�strofa.

'Eqei shmas�a p¸ antilambanìmaste to ek�stote

pro upologismì olokl rwma. An e�nai, dhlad , to

pr¸to   to deÔtero mèlo th isìthta tou jewr -

mato. Ja g�nei safè sta parade�gmata.

G. Suqn� h isìthta gr�fetai kai w ex :

S

β

α
f �g�x�� � g��x�dx �

S

g�β�

g�α�
f�u�du,

¸ste na e�nai safèsterh h allag  metablht . Me

aut  th morf  br�sketai kai sto sqolikì bibl�o.
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Paradeigma 1. A p�roume to olokl rwma:

I �
S

π
2

4

π2

9

συν
º

xdx.

Ja jewr soume to olokl rwma w to pr¸to mèlo th

isìthta. Ep�sh jewroÔme ìti g�x� �
º

x, suneq  sto

∆ � �

π2

9 , π
2

4 �, me suneq  pr¸th par�gwgo g��x� � 1
2
º

x
A 0

sto ∆, �ra g gnhs�w aÔxousa. Tìte h f�x� � συνx,

suneq  kai orismènh, sto

g�∆� � �g �
π2

9
,
π2

4
�	 � �

π

3
,
π

2
�

prokÔptei, pr�gmati to f�g�x�� � συν
º

x, all� den è-

qoume to g��x�, ¸ste na sqhmatiste� to pr¸to mèro th

isìthta. 'Omw to olokl rwma I mpore� na grafte� w

ex :

I �
S

π
2

4

π2

9

2
º

x�συν
º

x �

1

2
º

x
dx.

Telik� jewroÔme :

� g�x� �

º

x, suneq  sto ∆ � �

π2

9 , π
2

4 �, me suneq 

pr¸th par�gwgo g��x� � 1
2
º

x
A 0, �ra g � gnhs�w

aÔxousa, opìte g�∆� � �g �π2

9 , π
2

4 Ǳ� �
�

π
3 ,

π
2
�
,

� f�x� � 2x � συνx, suneq  kai orismènh sto g�∆�.

Opìte to I g�netai th morf 

R

β
α f �g�x�� � g��x�dx. Tì-

te apì to je¸rhma ja e�nai :

I �
S

g�β�

g�α�
f�x�dx �

S

π
~2

π
~3

2x � συνxdx �

... � 2�
π

2
�

π �

º

3

2
º

3
� .

3 L�jh (kai {l�jh}) pou g�nontai

kat� th {mhqanik } allag  me-

tablht .

Gia to I �

π
2

4

R

π2

9

συν
º

x me.. {ìrou sqolikoÔ bibl�ou} kai

dedomènh thn isìthta

S

β

α
f �g�x�� � g��x�dx �

S

g�β�

g�α�
f�u�du,

sunant�me ta ex  sunhjismèna l�jh (  {l�jh}):

� Jètoume u �

º

x (1), enno¸nta ìti u � g�x� �
º

x,

ìmw ed¸ suqn� parale�petai o èlegqo an h g�x�

èqei suneq  par�gwgo sto ∆.

� Me dedomèno tìte ìti ja e�nai f �g�x�� � συν
º

x,

èqoume thn f�x� � συνx gia thn opo�a suqn� den

exet�zoume an e�nai, pr�gmati, suneq  sto g�∆�.

� Tìte suqn� lème u2 � x (2), enno¸nta bèbaia ìti

u � g�x� �
º

x� x � g�1�u� � u2 , qwr� na exet�-

zoume an h g e�nai 1-1, k�ti to opo�o oÔtw   �llw

DEN qrei�zetai w pro�pìjesh, ìmw mpa�nonta

sth diadikas�a ep�lush prokÔptei w apa�thsh. E-

d¸ akrib¸ e�nai pou prokÔptei kai h paranìhsh gia

thn upotijèmenh apa�thsh tou 1-1 gia th g.

� 'Eqoume dei, ep�sh, to ex  l�jo sta diaforik�:

Na p�roume apì thn (1): du �

1
2
º

x
dx� 2

º

xdu �

dx, ¸ste na antikatastaje� to dx sto olokl -

rwma, w:

R

β
α συνu � 2

º

xdu
u�

º

x
�

R

β
α συνu � 2udu,

to opo�o asfal¸ e�nai anep�trepto. H mor-

f 

R

β
α συνu � 2

º

xdu e�nai olokl rwma dÔo me-

tablht¸n kai e�nai �so me 2
º

x �

R

β
α συνudu �

2
º

x �ηµβ � ηµα�, to opo�o fusik� e�nai mia sun�r-

thsh tou x kai ìqi pragmatikì arijmì.

� 'Allo sunhjismèno gegonì se sqèsh me ta diafo-

rik�, e�nai na suneq�soume apì thn (2) w ex  :

2udu � dx, ìpou ìmw odhgoÔmaste tele�w mhqa-

nik� sthn teleuta�a isìthta. Gn¸mh ma e�nai ìti

mia tètoia qr sh de bohj�ei to majht  na katal�bei

thn parag¸gish se sÔndesh me thn olokl rwsh.

Eidik� gia th sugkekrimènh ep�lush, ja mporoÔsame, (pè-

ran twn apara�thtwn periorism¸n kai maz� me ta kat�llhla

sqìlia) na thn parousi�zoume w ex : 'Eqw x � u2 �ra

dx
du

� 2u, opìte dx � 2udu . Eidik� an èqoume nwr�tera

anaferje� sthn ènnoia th antiparag¸gish kai sth sÔn-

desh tou oloklhr¸mato me thn par�gwgo, oi majhtè

afomoi¸noun pio oloklhrwmèna thn parap�nw diadikas�a.

� Gia ta ìria, lème:

� gia x �

π2

9 e�nai u �

¼

π2

9 �

π
3

� gia x �

π2

4 e�nai u �

¼

π2

4 �

π
2

Den g�netai katanohtì, ìmw bajÔtera, p¸ pro-

kÔptoun ta ìria aut�, en¸ an h ex�swsh èqei p�-

nw apì m�a lÔsei tìte prokÔptei sÔgqush gia tou

majhtè. Ja doÔme kai ant�stoiqo par�deigma sth

sunèqeia.

� Met� ta parap�nw, antikajistoÔme sto arqikì o-

lokl rwma kai prokÔptei:

I �
S

π
~2

π
~3

συνu � 2udu � ... � 2�
π

2
�

π �

º

3

2
º

3
� .

Katal goume, dhlad , sto �dio olokl rwma me autì

tou parade�gmato 1, all� me èna jhsaurì gn¸sh

na èqei parakamfje� sthn pore�a.

2



Parathrhsh 2. An sto prohgoÔmeno olokl rwma all�-

xoume ta ìria kai p�roume to I1 �
R

π
2

4

0 συν
º

xdx, ja dia-

pist¸soume ìti h g�x� �
º

x DEN e�nai paragwg�simh sto

�0, π
2

4 � (afoÔ den e�nai paragwg�simh sto 0) , opìte den

mporoÔme na efarmìsoume to je¸rhma me aut  thn anti-

kat�stash {apì arister� pro ta dexi�}. Gi' autì kai

qrei�zetai o èlegqo twn pro�pojèsewn. Shmei¸noume,

bèbaia, ìti den up�rqei ant�stoiqh eidik  per�ptwsh sti

entì Ôlh ask sei tou sqolikoÔ bibl�ou.

Paradeigma 2. Epistrèfoume sto

I �
S

π
2

4

π2

9

συν
º

xdx.

Mìno pou aut  th for� ja jewr soume to I w to deÔ-

tero mèlo th isìthta. Gia l�go akìma (sta amèsw

epìmena parade�gmata) ja epime�noume se aut  th qr sh

tou jewr mato, dhlad  eidik� sth qr sh tou {apì dexi�

pro ta arister�}, mia kai ìqi mìno prokale� ti peris-

sìtere sugqÔsei, all� suqn� paramènei �gnwsth.

T¸ra, gia to I: èqoume f�x� � συν
º

x, orismènh kai su-

neq  sto �

π2

9 , π
2

4 �. kai jèloume mia g�x� tètoia, ¸ste:

1. na e�nai orismènh kai suneq  se èna di�sthma ∆ �

�α,β�

2. ìpou g�a� � π2

9 , g�β� �
π2

4

3. na èqei suneq  par�gwgo sto ∆

4. to g�∆� na e�nai di�sthma sto opo�o h fe�nai sune-

q .

5. (to telikì zhtoÔmeno) na aplopoi sei to I.

H kalÔterh epilog  e�nai m�llon h

g�x� � x2 me g �
π

3
� �

π2

9
, kai g �

π

2
� �

π2

4
.

H g ikanopoie� ti pro�pojèsei, dhlad  e�nai paragwg�-

simh sto ∆ =
�

π
3 ,

π
2
�
, me suneq  par�gwgo g��x� � 2x A 0

sto ∆, �ra g gnhs�w aÔxousa ki ètsi

g �∆� � g ��
π

3
,
π

2
�� � �

π2

9
,
π2

4
	 ,

en¸ h f�x� � συν
º

x e�nai orismènh kai suneq  sto

g�∆�. Tìte èqoume xek�jarh th morf  I �
R

g�β�

g�α�
f�x�dx,

opìte ja e�nai

I �
S

β

α
f �g�x�� � g��x�dx �

S

π
~2

π
~3

f�x2� � �x2��dx �

S

π
~2

π
~3

συνx � 2xdx �... � 2�
π

2
�

π �

º

3

2
º

3
� .

Parathrhsh 3. An br�skame k�poia �lla α kai β , me

g�a� � π2

9 , g�β� �
π2

4 , all� to g�∆� DEN tautizìtan me

to �

π2

9 , π
2

4 � den ja e�qame kanèna prìblhma, efìson ikano-

poioÔntan oi upìloipe pro�pojèsei. To je¸rhma apaite�

mìno ti sugkekrimène pro�pojèsei. Mhn xeqn�me bè-

baia ìti prèpei h f na e�nai suneq  SE OLOKLHRO to

g�∆�. A doÔme to epìmeno par�deigma sqetik�.

Paradeigma 3. Melet�me to �dio olokl rwma,

I �
S

π2
�4

π2
�9

συν
º

xdx,

me ton trìpo tou Parade�gmato 2, dhlad  apì dexi� pro

ta arister�, mìno pou ja epilèxoume �llo di�sthma gia th

g. JewroÔme: g�x� � x2, me g ��π
3
�
�

π2

9 kai g �π2 � �
π2

4 .

H g ikanopoie� ti pro�pojèsei, dhlad  e�nai paragwg�-

simh sto ∆ �
�
�

π
3 ,

π
2 �, me suneq  par�gwgo g��x� � 2x.

M�lista h g� ìqi mìno mhden�zei sto 0 >∆, ma all�zei kai

prìshmo, pou shma�nei ìti h g DEN e�nai 1-1.

Wstìso h f�x� � συν
º

x e�nai orismènh kai suneq 

sto

g �∆� � g ���
π

3
,
π

2
�� � �0,

π2

4
	 a �

π2

9
,
π2

4
	 .

Epomènw èqoume:

I �
S

β

α
f �g�x�� � g��x�dx �

S

π
~2

�

π
~3

f�x2� � �x2��dx �

3



S

π
~2

�

π
~3

συνx � 2xdx �2�
π

2
�

π �

º

3

2
º

3
� .

Parathrhsh 4. A. MporoÔme na epilèxoume opoiad po-

te g jèloume, arke� na ikanopoioÔntai oi pro�pojè-

sei tou jewr mato. Den e�nai apara�thto h g na

e�nai monadik . Ja doÔme sth sunèqeia to par�deig-

ma 4 sqetik�.

B. E�dame ìti g �∆� � g ��α,β�� a �g�α�, g�β�� ( 

�g�β�, g�α��). Kanèna prìblhma den prokÔptei me

autì. Monadik  apa�thsh tou jewr mato se sqèsh

me to g�∆� e�nai h f na e�nai suneq  se autì.

G. Me ton �dio akrib¸ trìpo upolog�zetai to

I1 �
S

π
2

4

0
συν

º

xdx

pou sunant same sthn Parat rhsh tou Parade�g-

mato 1, ìpou den mporoÔsame na to upolog�soume

{apì arister� pro ta dexi�} (tìte me th g�x� �

º

x). Jewr¸nta to olokl rwma w to 2o mèlo

th isìthta tou Jewr mato, pa�rnoume g�x� � x2

, x >
�0, π2 �, paragwg�simh sto ∆ =

�0, π2 �, me suneq 
par�gwgo g��x� � 2x, en¸ h f�x� � συν

º

x: ori-

smènh kai suneq  sto g�∆� � �0, π
2

4 �. Epomènw

ja e�nai:

I1 �
S

π

2

0
συν

º

x2 � 2xdx �

S

π

2

0
συν SxS � 2xdx

xC0
�

S

π

2

0
συνx � 2xdx � ...

Paradeigma 4. A doÔme sÔntoma èna olokl rwma parì-

moia morf  me autì twn prohgoÔmenwn paradeigm�twn,

to

J �

S

e2

1
ln
º

xdx.

Ja to jewr soume w to 2o mèlo th isìthta tou je-

wr mato kai sti dÔo akìlouje prosegg�sei ja epilè-

xoume diaforetikè sunart sei g�x�.

1h prosèggish

'Estw h g�x� � x2, me g��x� � 2x, suneqe� sto ∆ � �1, e�,
me g�∆� � �1, e2�. Kai f�x� � ln

º

x suneq  sto g�∆�.

Ja e�nai:

J �

S

e2

1
ln
º

xdx �

S

e

1
f�x2� � 2xdx �

S

e

1
lnx � 2xdx � ... �

e2 � 1

2

2h prosèggish

JewroÔme th g�x� � e2x, g��x� � 2e2x, suneqe� sto

∆ � �0,1�, me g�∆� � �1, e2�. Kai f�x� � ln
º

x sune-

q  sto g�∆�. Ja e�nai:

J �

S

e2

1
ln
º

xdx �

S

1

0
f�e2x� � 2e2xdx �

S

e

1
ln
º

e2x � 2e2xdx �

S

e

1
x � 2e2xdx � ... �

e2 � 1

2
.

SumfwnoÔme ìti h 2h prosèggish e�nai pio atuq  apì

thn 1h, all� de�qnei ìti den up�rqei apara�thta monadi-

k  g pou mpore� na leitourg sei pro ìfelì ma. Ja

epistrèyoume t¸ra sthn optik  tou sqolikoÔ bibl�ou.

Paradeigma 5. A doÔme to olokl rwma

K �

S

1

�1

º

1 � x2dx.

Akolouj¸nta th {mhqanik } antikat�stash, ja pèsoume

se mia fober  ant�fash:

Jètoume u � x2, �ra gia x � �1 e�nai u � 1, kai gia
x � 1 e�nai ep�sh u � 1? 'Ara M pw K � 0? 'Oqi bèbaia.

E�nai

º

1 � x2 C 0 sto ��1,1�, me thn isìthta na isqÔei

mìno sta �kra, �ra prèpei to olokl rwm� ma na e�nai

opwsd pote jetikì.

Ti sumba�nei ed¸?

Giat� DEN mporoÔme na proqwr soume me th g�x� � x2?

� A upojèsoume ìti to K e�nai to pr¸to mèlo th

isìthta tou jewr mato. Mpore� to K na grafte�

sth morf 

K �

S

β

α
f �g�x�� � g��x�dx ;

Dhlad , afoÔ g�x� � x2, mpore� na grafte� w

K �

S

1

�1

º

1 � x2

2x
� 2xdx ;

'Oqi, giat� prokÔptoun ta ex  probl mata:

i. O paronomast  mhden�zei, �ra h sun�rthsh

º

1�x2

2x den or�zetai sto ��1,1�.
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ii. Akìma kai an den  tan ston paronomast , ja è-

prepe to 2x na ekfraste� se sqèsh me to u � g�x� �

x2, ¸ste na p�rw thn f�g�x��. Dhlad  jèloume lÔ-

sh w pro x gia thn ex�swsh: u � x2, me x > ��1,1�,
ìmw h g�x� � x2 DEN e�nai 1-1 sto ��1,1�.
Shmei¸noume xan� ìti to 1-1 DEN e�nai proapaitoÔ-

meno gia th g, all� prokÔptei w an�gkh kat� thn

ep�lush, me th sugkekrimènh epilog  gia th g.

� A upojèsoume t¸ra ìti to K e�nai to 2o mèlo th

isìthta tou jewr mato.

Jèloume mia g�x� orismènh kai suneq  se di�sth-

ma �α,β�, tètoia, ¸ste g�α� � �1 kai g�β� � 1. H

g�x� � x2 DEN ikanopoie� autè ti pro�pojèsei.

ApodeiknÔetai ìti h sugkekrimènh epilog  e�nai a-

kat�llhlh.

Prèpei na dieukriniste� ed¸ ìti to olokl rwma

ρ

R

�ρ

º

1 � x2dx e�nai ektì Ôlh, all� kr�jhke gìni-

mh epilog  afenì prokeimènou na anadeiqte� h pro-

blhmatik  aut  kat�stash, afetèrou epeid  h lÔsh

tou sqolikoÔ bibl�ou e�nai endeiktik  kai ax�zei su-

z thsh. H efarmog  pou to parousi�zei e�nai ektì

Ôlh, den isqÔei ìmw to �dio kai gia ask sei ìpou

sto bibl�o lÔsewn akolouje�tai h �dia taktik .

Paradeigma 6. An akolouj soume thn optik  tou sqo-

likoÔ bibl�ou gia to

K �

S

1

�1

º

1 � x2dx.

Ja poÔme (oi diatup¸sei akoloujoÔntai kat� gr�mma):

Efìson �1 B x B 1 , up�rqei θ >
�
�

π
2 ,

π
2
�
tètoio, ¸ste

x � ηµθ.

Epiplèon ja e�nai gia x � �1 , to θ � �

π
2 , en¸ gia x � 1 ,

ja e�nai θ � π
2 .

Epomènw:

K �

S

π~2

�π~2

»

1 � ηµ2θ � συνθdθ �

S

π~2

�π~2

º

συν2θ � συνθdθ
συνθC0
�

S

π~2

�π~2
συν2θdθ

�

S

π~2

�π~2

1 � συν2θ

2
dθ � �

θ

2
�

ηµ2θ

4
�

π~2

�π~2
�

π

2
.

Poio e�nai to prìblhma?

A. G�netai qr sh tou jewr mato apì dexi� pro ta a-

rister�. Den anafèretai, den ano�gei suz thsh ep�

autoÔ. Mènei sto skot�di.

B. Epilègetai h g�x� � ηµx ( .. g�θ� � ηµθ an protim�-

te) qwr� kam�a ex ghsh. San {apì mhqan  jeì}

(gia na jumhjoÔme ta lìgia tou George Polya).

G. Parousi�zetai to di�sthma
�
�

π
2 ,

π
2
�
w monìdromo.

Den anafèretai ìti ja mporoÔsame na p�roume o-

poiod pote �llo di�sthma.

D. Lìgw tou G af netai metèwrh h sÔgqush se sqèsh

me to 1-1.

E. Sthn eÔresh twn nèwn or�wn de lÔnetai h trigwnome-

trik  ex�swsh, all� epilègetai qwr� exhg sei m�a

apì ti �peire r�ze gia k�je ex�swsh.

Ti sumba�nei ed¸?

Ousiastik� gia to

K �

S

1

�1

º

1 � x2dx,

w 2o mèlo th isìthta tou jewr mato, deqìmaste ìti

èqoume f�x� �

º

1 � x2 me ped�o orismoÔ ��1,1� kai jè-

loume mia g suneq  sun�rthsh, me suneq  par�gwgo se

di�sthma ∆ � �α,β�, tètoia ¸ste g�α� � �1 kai g�β� � 1,
en¸ h f na e�nai suneq  sto g�∆�.

'Eqoume kat� nou ìti prèpei to olokl rwma na aplopoih-

je�, en¸ h epilog  th g�x� �
º

x èqei  dh aporrifje�. H

diafor� 1�x2 jum�zei th basik  trigwnometrik  tautìth-

ta. Opìte se sunduasmì me ta g�α� � �1 kai g�β� � 1,
�ra kai g�∆� � ��1,1�, ma odhgoÔn pro ta ηµx kai συνx
w pijanè epilogè.

1h epilog : Epilègoume th g�x� � ηµx , me g �3π2 � � �1

kai g ��3π
2
�
� 1. Shmei¸noume ìti ep�thde ja k�-

noume mia antisumbatik  kai fainomenik� par�doxh

epilog . Ja p�roume:

� jetik  tim  tou x gia to �1 kai arnhtik  tim 

tou x gia to �1

� di�sthma sto opo�o h g DEN e�nai 1-1

Tìte g��x� � συνx suneq  sto
�
�

3π
2 , 3π2 �

, en¸

g�∆� � ��1,1�, sto opo�o h f e�nai suneq . Epo-

mènw:

K �

S

1

�1

º

1 � x2dx �

�

3π

2

S

3π

2

»

1 � ηµ2x � �ηµx�
�

dx �

�

3π

2

S

3π

2

SσυνxS � συνxdx � �

3π

2

S

�

3π

2

SσυνxS � συνxdx �

�

�

π

2

S

�

3π

2

��συνx� � συνxdx �

π

2

S

�

π

2

�συνx� � συνxdx

�

�

3π

2

S

π

2

��συνx� � συνxdx �
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�

π

2

S

�

3π

2

�συν2x�dx �

π

2

S

�

π

2

�συν2x�dx �

3π

2

S

π

2

�συν2x�dx �

1

2
�x �

ηµ2x

2
�

�

π

2

�

3π

2

�

1

2
�x �

ηµ2x

2
�

π

2

�

π

2

�

1

2
�x �

ηµ2x

2
�

3π

2

π

2

�

1

2
��

π

2
� 0 �

3π

2
� 0� �

1

2
�

π

2
� 0 �

π

2
� 0�

�

1

2
�

3π

2
� 0 �

π

2
� 0� �

π

2
�

π

2
�

π

2
�

π

2

2h epilog : Epilègoume th g�x� � συνx , me g��π� �

�1 kai g�0� � 1. H g e�nai orismènh kai paragwg�si-

mh sto ��π,0�, me suneq  par�gwgo g��x� � �ηµx.

Ep�sh h f suneq  sto g�∆� � ��1,1�. Opìte è-

qoume:

K �

S

1

�1

º

1 � x2dx �

0

S

�π

º

1 � συν2x � �συνx�
�

dx �

0

S

�π

SηµxS � ��ηµx�dx
ηµxB0
�

0

S

�π

�ηµ2x�dx �

1

2
�x �

ηµ2x

2
�

0

�π

�

1

2
�0 � π � 0� �

π

2

4 Mia prìtash gia th didaskal�a

tou 1ou jewr mato.

Kat� th didaskal�a, prokeimènou na g�nei safèsterh h

dunatìthta qr sh tou 1ou jewr mato kai me tou dÔ-

o trìpou, met� thn parous�ash tou jewr mato kai thn

par�jesh th isìthta

S

β

α
f �g�x�� � g��x�dx �

S

g�β�

g�α�
f�u�du,

ja mporoÔsame na sqoli�soume ìti aut  mpore� na grafte�

kai na qrhsimopoihje� ant�strofa, dhlad  w ex :

S

g�β�

g�α�
f�u�du �

S

β

α
f �g�x�� � g��x�dx,

  akìma kai se aut  th morf :

S

g�β�

g�α�
f�x�dx �

S

β

α
f �g�u�� � g��u�du.

Akìma kai èna bohjhtikì mèso, ìpw h.. {optik  anamìr-

fwsh} mia sqèsh mpore� na pa�xei rìlo sthn katanìhsh.

5 To 2o Je¸rhma allag  meta-

blht .

Jewrhma 2.

1

'Estw sun�rthsh g orismènh se di�sthma

∆ � �α,β�, suneq¸ paragwg�simh, me g��x� x 0 gia k�je

x > �α,β�, kai f suneq  sun�rthsh sto g ��α,β��, tìte:

S

β

α
f�g�t��dt �

S

g�β�

g�α�
f�x� �

�g�1�
�

�x�dx

Apodeixh

Ja apode�xoume pr¸ta èna apara�thto l mma.

Lhmma (Je¸rhma ant�strofh sun�rthsh gia paragw-

g�sime sunart sei)

'Estw mia 1-1, suneq  sto �α,β� kai paragwg�simh

sto x0 > �α,β�sun�rthsh , kai y0 � g�x0�. Tìte:

1. An g��x0� x 0, tìte h g�1 e�nai paragwg�simh sto y0
kai isqÔei: g�1�y0� �

1
g�

�x0�
kai

2. An g��x0� � 0, tìte h g�1 den e�nai paragwg�simh

sto y0.

Apodeixh Lhmmato H g e�nai suneq  sto �α,β�, o-

pìte apì to Je¸rhma Endi�mesh Tim , h eikìna th, to

g ��α,β�� ja e�nai, ep�sh, di�sthma. Efìson h g e�nai su-

neq  kai 1-1, ja e�nai gnhs�w monìtonh. Opìte h eikìna

g ��α,β�� ja e�nai to anoiktì di�sthma: g ��α,β�� � �γ, δ�

1. 'Estw g��x0� x 0. Ja upolog�sw to ìrio

L � lim
h�0

g�1�y0 � h� � g�1�y0�

h
.

Ja e�nai, ìmw: γ � y0 � h � δ, ki afoÔ h g e�nai

1-1, gia k�je h x 0 ja up�rqei monadikì xh > �α,β�

tètoio, ¸ste

g�xh� � y0 � h �1�.

Ep�sh ja e�nai xh x x0, afoÔ

xh � x0� g �xh� � g �x0�� y0 � h � y0� h � 0,

�topo. 'Ara

g�xh� � y0 � h� xh � g�1�y0 � h� �2�.

kai

y0 � g�x0�� x0 � g�1�y0� �3�.

Ep�sh apì thn (1) èqoume:

g�xh� � y0�h� h � g�xh��y0� h � g�xh��g�x0� �4�.

Tìte èqoume:

g�1�y0 � h� � g�1�y0�

h

�2�
�

�3�

1

Ektì sqolik  Ôlh.
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xh � x0

h

�4�
�

xh � x0

g�xh� � g�x0�
�

1
g�xh��g�x0�

xh�x0

.

Opìte gia to ìrio èqoume:

L � lim
h�0

1
g�xh��g�x0�

xh�x0

�

1

g��x0�
,

epeid :

� Efìson h g e�nai 1-1 kai suneq  se di�sthma

sun�rthsh, ja e�nai kai h g�1 suneq , epo-

mènw ja èqoume: lim
h�0

xh � lim
h�0

g�1�yo � h� �

g�1�y0� � x0, kai

� lim
h�0

g �xh�
�1�
� lim

h�0
�g�x0� � h� � g�x0�.

'Ara h g�1 e�nai paragwg�simh sto y0 kai isqÔei:

g�1�yo� �
1

g�

�xo�
.

2. An e�nai g��xo� � 0. Upojètoume ìti h g�1e�nai

paragwg�simh sto yo � g�xo�. Tìte èqoume:

�g�1 X g�
�

�xo� � �g�1�
�

�g�xo�� � g��xo� � 0, �topo,

afoÔ
�g�1 X g�

�

�xo� � 1gia k�je xo > �α,β�

Apodeixh 2ou Jewrhmato Allagh Metablhth

H g e�nai suneq  sto ∆ � �α,β�, opìte to g ��α,β�� � I,
ja e�nai di�sthma, w sunèpeia tou Jewr mato Endi�-

mesh Tim . Ep�sh h g� e�nai suneq  kai isqÔei ìti

g��x� x 0, �ra h g� ja diathre� stajerì prìshmo sto ∆,

epomènw h g e�nai gnhs�w monìtonh, �ra ja e�nai kai 1�1,
opìte ja or�zetai h ant�strof  th, g�1 � I � �α,β�.

Apì to Lhmma, epeid  g��x� x 0 gia k�je x > ∆, h su-

n�rthsh g�1 ja e�nai paragwg�simh sto I.

T¸ra an sto 1o Je¸rhma Allag  metablht  jewr -

sw sto 2o mèlo th isìthta ant� gia f thn h�x� �

f �
�g�1�

�

�x� , tìte ja èqoume:

S

g�β�

g�α�
h�x�dx �

S

β

α
h X g�x� � g��x�dx �

S

β

α
�f � �g�1��� X g�x� � g��x�dx �

�

S

β

α
�f X g� �x� �

�
�g�1�� X g� �x� � g��x�dx �

�

S

β

α
�f X g� �x� �

�g�1 X g�
�

�x�dx �

S

β

α
�f X g� �x�dx

�

S

β

α
�f X g� �t�dt.

Parathrhsh 5. A Sthn apìdeixh tou L mmato q�rin oi-

konom�a q¸rou jewr same gnwstì to je¸rhma

2

:

Jewrhma. An h sun�rthsh g e�nai suneq  kai 1�1
sto di�sthma I tìte:

1. H g e�nai gnhs�w monìtonh kai

2. h g�1 e�nai suneq  sun�rthsh.

B. EÔkola g�netai antilhptì ìti sthn apìdeixh br�sketai

h ex ghsh gia thn Ôparxh th sunj kh:

{g��x� x 0}

ant� th

{g: gnhs�w monìtonh}

(to opo�o e�nai �meso sumpèrasma). H sugkekrimènh

sunj kh e�nai kleid� gia thn Ôparxh th
�g�1�

�

.

G. Den mporoÔme par� na parathr soume ìti :

� h apìdeixh tou 2ou Jewr mato e�nai polÔ pio

dÔskolh.

� oi upojèsei pou apaitoÔntai gia na efarmo-

ste� e�nai aisjht� perissìtere.

� gia thn apìdeix  tou qrhsimopoi same to 1o

Je¸rhma.

Paradeigma 7. Ja epistrèyoume sto J �

R

e2

1 ln
º

xdx.

T¸ra ìmw ja to upolog�soume me qr sh tou jewr ma-

to 2. E�nai th morf 

R

β
α f�g�t��dt , ìpou:

� α � 1, β � e2,

� g�x� �

º

x , x > �1, e2�, paragwg�simh sto �1, e2�,
me g��x� �

1
2
º

x
A 0 sto �1, e2�, �ra g��x� x 0 kai

g ��1,e2��
�

�

�1, e�.

� f�x� � lnx , suneq  sto �1, e�. Ep�sh lÔnw

thn ex�swsh y � g�x� � y �

º

x
yC0
� x � y2, �ra

g�1�x� � x2 ,x > �1, e2�, me g��x� � 2x,x > �1, e2�

'Etsi, apì to je¸rhma, èqoume: J �

R

e2

1 ln
º

xdx �

R

e
1 lnx � 2xdx � ... � e2�1

2

Parathrhsh 6. A. Met� thn antikat�stash prokÔptei

akrib¸ to �dio olokl rwma pou proèkuye me th

qr sh tou 1ou jewr mato, ìmw apì diaforetikì

drìmo, me diaforetikè sunj ke. Pijan� to sw-

stì apotèlesma,   akìma kai to �dio olokl rwma,

na proèkupte kai me k�poia {mhqanik  antikat�sta-

sh}, e�dame ìmw ìti autì den ja s maine apara�thta

ìti ja e�qe g�nei swst� h efarmog  twn jewrhm�-

twn.

2

Gia thn apìdeix  tou endeiktik� bl. Negrepìnth, Giwtìpoulo GiannakoÔlia, Apeirostikì Logismì ekd. Summetr�a, Aj na,

1999, je¸r. 10.14, sel 178-179
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B. M pw ja mporoÔse to K �

R

1
�1

º

1 � x2dx , tou Pa-

rade�gmato 5, na upologiste� me to 2o je¸rhma, kai

th g�x� � x2? H g�x� èqei par�gwgo g��x� � 2x, h
opo�a ìmw mhden�zei gia x � 0, �ra den ja  tan

kat�llhlh mia tètoia epilog .

Tèlo, mporoÔme na sumper�noume ìti to 2o je¸rhma

e�nai m�llon ligìtero eÔqrhsto apì to 1o. Apaite� pe-

rissìtere pro�pojèsei kai h efarmog  tou apaite� pe-

rissìtere enèrgeie (eÔresh antistrìfou gia th g , all�

kai thn par�gwgo th g�1).

6 H {asuna�sjhth} sÔgqush twn

jewrhm�twn. Mia prosp�jeia

ermhne�a.

Pèran ìswn èqoun  dh anaferje�, kr�noume ìti èqei di-

daktik  ax�a na asqolhjoÔme me to p¸ k�poie forè

sugqèontai {asuna�sjhta} ta dÔo jewr mata kat� th {mh-

qanik } allag  metablht . Asfal¸ h b�sh e�nai gnw-

stik , ma ja prospaj soume na d¸soume mia ermhne�a se

sÔndesh me th {mhqanik } efarmog , h opo�a tìso ma a-

pasqìlhse w ed¸. Lìgw th morf  th isìthta, to 2o

je¸rhma sugqèetai kami� for� me th qr sh tou 1ou jew-

r mato, {apì dexi� pro ta arister�}. Sto Par�deigma 3

kai thn ant�stoiqh parat rhsh G, e�dame p¸ upolog�zou-

me to I1 �
R

π
2

4

0 συν
º

xdx me qr sh tou 1ou jewr mato

{apì dexi� pro ta arister�}. {Mhqanik�} k�poio ja

ègrafe:

Jètoume:

º

x � u � x � u2 (1) , me

x > �0, π
2

4 � opìte gia x � 0 e�nai u � 0, en¸

gia x �

π2

4 e�nai u �

π
2 .

Akrib¸ se aut  th.. mh-skèyh {krÔbetai} to 2o je¸rh-

ma.

Sto I1 o sugkekrimèno lÔth {blèpei} th morf 

R

β
α f�g�t��dt (2o je¸rhma) kai ìqi thn

g�β�

R

g�α�

f�x�dx (1o

je¸rhma). Qrhsimopoi¸nta to 1o je¸rhma h g�x� ja

oriste� sto
�0, π2 � (  �llo kat�llhlo di�sthma), ed¸ h

g�x� �

º

x or�zetai gia x > �0, π
2

4 �, epomènw efarmìze-

tai to 2o je¸rhma. Sth sunèqeia qrhsimopoie�tai {asu-

na�sjhta} to 1-1 kat� thn ep�lush th (1), en¸ fusik�

den apaite�tai apì to 1o je¸rhma, all� apì to 2o. Gia

na katal xoume sto x � u2, pou ep� th ous�a e�nai to

g�1�u� � u2 (2). Kai sthn allag  twn or�wn, pa�rnoume

ta g�α� kai g�β� ep�sh, me qr sh tou 2ou jewr mato.

Tèlo, sta diaforik�, apì thn (2) pa�rnoume ousiasti-

k�
�g�1�

�

�u� � 2u. 'Etsi katal goume sto olokl rwma:

R

g�β�

g�α�
f�u� �

�g�1�
�

�u�du �..... Gia to opo�o ìmw apaite�-

tai g��x� x 0 sto �0, π
2

4 �, to opo�o DEN isqÔei.

7 Oi ask sei me allag  metablh-

t  tou sqolikoÔ bibl�ou.

Sto sqolikì bibl�o ìle oi metatropè g�nontai me to mot�-

bo pou  dh perigr�fthke. M�lista sth suntriptik  tou

pleioyhf�a oi metatropè g�nontai jewr¸nta to zhtoÔ-

meno olokl rwma w to 1o mèlo th isìthta tou je-

wr mato (an kai autì den dhl¸netai poujen�). Den ja

parajèsoume �llo par�deigma apì thn pleioyhf�a, loi-

pìn, ¸ste na apofÔgoume thn epan�lhyh. Ja stajoÔme

se mia �skhsh pou apotele� thn (m�llon monadik ) exa�re-

sh, sthn opo�a efarmìzetai to je¸rhma {apì dexi� pro

ta arister�}.

Paradeigma 8. ('Askhsh 4, B� Om�da, par. 3.7 )

Kat� ton upologismì tou embadoÔ qrei�zetai na upolo-

g�soume to I �
R

5
2

º

x � 1dx. Sti lÔsei tou sqolikoÔ

epilègetai h mèjodo th antikat�stash.

Gr�fei: Jètoume u �

º

x � 1, opìte du � dx , u1 � 1 ,

u2 � 4 kai ètsi èqoume:

E �

4

S

1

u
1

2du �

<

�

�

�

�

>

u
3

2

3
2

=

A

A

A

A

?

4

1

� ...

Ti sumba�nei ed¸?

To I jewre�tai w to deÔtero mèlo th isìthta tou je-

wr mato,

g�β�

R

g�α�

f�x�dx, me:

� f�x� �
º

x � 1, x > �2,5�.

� g�x� � x � 1, x > �1,4�, me suneq  par�gwgo

g��x� � 1 kai g��1,4�� � �2,5�, ìpou h f e�nai sune-

q .

Opìte to olokl rwma ja e�nai �so me th morf :

β

R

α

f�g�x�� � g��x�dx, �ra: I �
R

4
1

º

xdx � .... 'Omw to

olokl rwma upolog�zetai eÔkola me thn par�gousa, w:

�

2

3
�x � 1�

3

2
�

5

2
� ... �

14

3

. Epomènw èna majht  den ja mporoÔse na peiste� eÔ-

kola gia thn ax�a qr sh {apì ta dexi� pro ta arister�}.

Fa�netai (kai e�nai- gia to sugkekrimèno olokl rwma) k�-

pw �stoqh.

Parempiptìntw, ed¸ efarmìzetai kai to 2o je¸rhma

antikat�stash, all� efìson mporoÔme eÔkola na broÔme

par�gousa, den prote�netai, ìpw den prote�netai kai to

1o je¸rhma ex�llou.
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Ena genikotero sumperasma

O trìpo pou qrhsimopoie� to sqolikì bibl�o to je¸rh-

ma g�netai sqedìn apokleistik� {apì arister� pro ta

dexi�}. E�nai �ra sqedìn s�gouro ìti didaktik� ja esti�-

soume se aut  th qr sh. PisteÔoume ìmw ìti qrei�zetai

akìma kai se autì to pla�sio, na epishma�netai h dunatì-

thta kai twn dÔo qr sewn kai h ax�a twn periorism¸n, me

qr sh twn kat�llhlwn paradeigm�twn, kaj¸ e�nai sh-

mantikì na bohj�me tou majhtè na apall�ssontai apì

ti {mhqanikè} enèrgeie kai na embajÔnoun sti ènnoie.

EntoÔtoi, èqei mia didaktik  ax�a h suntìmeush th dia-

dikas�a efarmog , ìpou autì e�nai dunatìn.

Prote�noume to ex  pla�sio:

Gia na p�me apì to aristerì sto dex� mèlo:

A. An èqoume to olokl rwma sth morf :

β

R

α

f�g�x�� g��x�dx èqoume ìle ti pro�pojèsei

pou qreiazìmaste, me dedomèno ìti to olokl rwma

or�zetai.

B. An qrei�zetai eme� na {emfan�soume} th g� , prosè-

qoume na exasfal�soume ìti e�nai suneq  sto �α,β�

en¸ h f pou sqhmat�zetai tìte, na e�nai suneq  sto

g�∆�.

G. AntikajistoÔme:

� me �

u to g�x�

du to g��x�dx

� kai me �

g�α� to α

g�β� to β

ki ètsi pa�rnoume:

g�β�

R

g�α�

f�u�du.

Teleuta�o par�deigma:

Paradeigma 9. 'Ena olokl rwma, trei trìpoi lÔsh.

Ja upolog�soume to olokl rwma I �
2

R

º

2

x �

º

x2 � 1dx me

trei trìpou, ¸ste na fanoÔn sugkentrwtik� oi diafo-

retiko� trìpoi lÔsh.

A' trìpo : Me to 1o je¸rhma, apì arister� pro ta

dexi�.

JewroÔme to I w to 1o mèlo th isìthta tou je-

wr mato, dhlad  to

β

R

α

f�g�x�� g��x�dx. 'Estw:

� g�x� �

º

x2 � 1, me x > �

º

2,2�, h opo�a e�nai

paragwg�simh, me

� g��x� �

x
º

x2
�1
, h opo�a e�nai suneq  sto

∆ ��

º

2,2� kai afoÔ g��x� A 0, ja e�nai g gnh-

s�w aÔxousa, �ra g�∆� ��1,
º

3� kai

� f�x� � x2 suneq  sto g�∆�.

Ep�sh to I g�netai: I �

2

R

º

2

�x2 � 1� �

x
º

x2
�1
dx 'Ara

èqoume: I �

R

β
α f�g�x�� � g��x�dx �

g�β�

R

g�α�

f�x�dx �

º

3

R

1
x2dx � �

x3

3 �

º

3

1
�

º

3 �

1
3 .

B' trìpo : Me to 1o je¸rhma, apì dexi� pro ta

arister�.

JewroÔme to I w to 2o mèlo th isìthta tou

jewr mato. Dhlad  w I �
g�β�

R

g�α�

f�x�dx.

1. 'Estw sun�rthsh g�x� �
º

x me g��x� � 1
2
º

x
,

suneqe� sto ∆ � �2,4�, g��x� A 0 sto ∆ , �ra

h g e�nai gnhs�w aÔxousa sto ∆ . Ep�sh:

2. g�2� �
º

2 kai g�4� � 2, �ra g�∆� � �

º

2,2� kai

3. f�x� � x �

º

x2 � 1 suneq  sto g�∆�.

Opìte ja e�nai : I �

g�β�

R

g�α�

f�x�dx �

R

β
α f�g�x�� � g��x�dx �

4

R

2

º

x
º

x � 1 1
2
º

x
dx �

1
2

4

R

2

º

x � 1dx �

1
3 ��x � 1�

3
~2
	

4

2

�

º

3 �

1
3

G' trìpo Me to 2o je¸rhma.

JewroÔme to olokl rwma w: I �
β

R

α

f �g�t��dt , me

α �

º

2 , β � 2 kai f�g�t� � t �
º

t2 � 1. 'Estw, e-

p�sh: g�x� � x2 � 1 , me g��x� � 2x A 0 (�ra kai

x 0) sto ∆ � �a,β� � �

º

2,2�, opìte g : gnhs�w

aÔxousa sto ∆ , me g�∆� � �1,3�. 'Ara h g e�nai

kai antistrèyimh, me: g�1�x� �

º

x � 1, paragwg�-

simh sto g�∆�, me
�g�1�

�

�x� �

1
2
º

x�1
. Tèlo, h

f�x� �
º

x � 1 �

º

x e�nai suneq  sto g�∆�. Tìte:

I �

β

S

α

f �g�t��dt �

g�β�

S

g�α�

f�x� �
�g�1�

�

�x�dx �

3

S

1

º

x � 1
º

x
1

2
º

x � 1
dx �

1

3

3

S

1

º

xdx �

1

3
�x

3

2
�

3

1
�

º

3 �

1

3
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8 Ep�logo.

Ja anarwtiìtan kane� an ta parap�nw e�nai {yil� gr�m-

mata}. 'Isw k�poio �llo na jewre� pw afoÔ ètsi e�nai

t¸ra ta pr�gmata, {ti ta je, ti ta gureÔei?}. 'H k�poio

tr�to na problhmat�zetai gia to pìte kai me poiou na su-

zhthjoÔn tètoia jèmata sthn t�xh.

JewroÔme ìti oi parap�nw optikè ofe�loun na exantlh-

joÔn. Ta statistik� twn teleuta�wn et¸n sti panella-

dikè exet�sei e�nai endeiktik�. 'Isw  rje h ¸ra na mpei

èna tèrma sta.. {kout�kia}, sti ste�re {mejodolog�e},

sthn papagal�a kai ti {mhqanikè} lÔsei, all� kai ti

{mhqanikè} didaskal�e.

'Isw, ep�sh,  rje h ¸ra na skeftoÔme polÔ sobar� to

jèma th anab�jmish kai emploutismoÔ tou sqolikoÔ bi-

bl�ou w pro th dom , to Ôfo, ti ask sei, thn Ôlh.

Aut�, se sunduasmì me genikìtera erwt mata, ìpw {ti

apìfoitou jèloume, ti Paide�a jèloume}.

Sto ke�meno k�name prosp�jeia na fwtiste� endeiktik� è-

na shme�o th Ôlh apì èna kef�laio tou sqolikoÔ bibl�ou,

to opo�o ex�llou èqei poll� �lla, megalÔtera probl ma-

ta. Antikeimenik� anakÔptei to er¸thma:

Prèpei na {strogguleÔoume} th majhmatik  al jeia sto

bwmì th Ôlh kai twn exet�sewn  / kai twn

duskoli¸n;}. H pragmatikìthta epib�llei na deqtoÔme

ìti den e�nai �sprh   maÔrh k�je eikìna. Asfal¸ den

e�nai ìle oi t�xei �die, e�nai s�gouro ìti den up�rqei

pantoÔ to �dio endiafèron, all� e�nai shmantikì na

up�rqei endiafèron apì th dik  ma pleur� kai

opwsd pote autì ja diaquje� kai stou majhtè ma.

Ofe�loume -eme� pr¸ta- na katanooÔme se b�jo ti

ènnoie pou did�skoume kai sth sunèqeia na epimènoume

me tou majhtè ma. Oi ter�stie parano sei pou

koubal�ne oi majhtè opwsd pote èqoun bajiè r�ze se

shmantikìtere ait�e. Apì th dik  ma pleur�

ofe�loume na front�zoume ¸ste oi ait�e autè na

anadeiknÔontai kai na antipaleÔontai, en¸ tautìqrona me

apofasistikìthta na anametroÔmaste kajhmerin� me ti

duskol�e, afier¸nonta yuq  sth didaskal�a twn

majhmatik¸n.
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