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f (x) =







α2x2 + βx− 12 , x < 1
5 , x = 1

αx+ β , x > 1ìpou α, β ∈ R.1. Na bre�te ti timè twn α, β ¸ste h f na e�nai suneq  sto x0 = 1.2. Me dedomèno ìti h f e�nai suneq  kai ìti lim
x→+∞

f (x) = −∞ na apode�xete h ex�swsh
(f (x))2003 = λèqei lÔsh gia k�je λ. ZHTHMA 2'Estw h sun�rthsh g (x) = x−

√
x2+1

x−
√
x2−1

.1. Na bre�te to ìrio lim
x→+∞

g (x).2. (aþ) Na apode�xete ìti gia k�je x > 1 isqÔei g (x) + 1 > 0.(bþ) Na bre�te to ìrio lim
x→+∞

(

1
1+g(x)

+ ηµx
) Kal  Epituq�aAPANTHSEISZHTHMA 11. Sqolikì bibl�o, sel�da 199, B22. AfoÔ h f e�nai suneq  apì to prohgoÔmeno er¸thma ja e�nai α = 4, β = 1   α =

−3, β = 8. E�nai lim
x→+∞

f (x) = lim
x→+∞

(αx+ β) = lim
x→+∞

(αx) kai epomènw afoÔjèloume to ìrio na e�nai −∞ ja prèpei α = −3. JewroÔme t¸ra λ ∈ R kai thnsun�rthsh h (x) = (f (x))2003 − λ.AfoÔ h f e�nai suneq  kai h h e�nai suneq  w di-afor� suneq¸n. E�nai lim
x→−∞

h (x) = lim
x→−∞

(

(f (x))2003 − λ
)

= +∞ afoÔ lim
x→−∞

f (x) =

lim
x→−∞

(α2x2) = +∞. Epomènw up�rqei x1 ¸ste h (x1) > 0. E�nai lim
x→+∞

h (x) =

lim
x→−∞

(

(f (x))2003 − λ
)

= −∞ diìti lim
x→+∞

f (x) = −∞ opìte kai lim
x→+∞

(f (x))2003 =

−∞. Epomènw up�rqei x2 ¸ste h(x2 < 0. Ja e�nai x1 6= x2 kai epomènw apì toje¸rhma tou Bolzano ja up�rqei x0 metaxÔ twn x1, x2 ¸ste h (x0) = 0. Autì to x0 jae�nai lÔsh th ex�swsh (f (x))2003 = λ. 1



ZHTHMA 21. Sqolikì bibl�o, sel�da 187, A3, v).2. (aþ) E�nai g (x) + 1 = x−
√
x2+1+x−

√
x2−1

x−
√
x2−1

kai gia ton paronomast  èqoume x−√
x2 − 1 >

x−
√
x2 = x− |x| =(x>1) 0 �ra prèpei na de�houme ìti o rarijmht  tou kl�smatoe�nai jetikì dhlad  ìti x−

√
x2 + 1 + x−

√
x2 − 1 > 0. 'Eqoume:

x−
√
x2 + 1 + x−

√
x2 − 1 > 0 ⇔ 2x >

√
x2 + 1 +

√
x2 − 1 ⇔

4x2 >
(√

x2 + 1 +
√
x2 − 1

)2 ⇔ 4x2 > x2 + 1 + x2 − 1 + 2
√
x4 − 1 ⇔

2x2 > 2
√
x4 − 1 ⇔ x4 > x4 − 1 (isqÔei)(bþ) E�nai lim

x→+∞
(g (x) + 1) = −1+1 = 0 all� g (x)+1 > 0 gia x > 1 �ra lim

x→+∞

1
1+g(x)

=

+∞. 'Omw 1
1+g(x)

+ ηµx ≥ 1
1+g(x)

− 1 kai afoÔ lim
x→+∞

(

1
1+g(x)

− 1
)

= +∞ ja e�naikai lim
x→+∞

(

1
1+g(x)

+ ηµx
).ALLIWS De�qnoume ìpw prin ìti lim

x→+∞

1
1+g(x)

= +∞ kai sth sunèqeia gr�foume
1

1 + g (x)
+ ηµx =

1

1 + g (x)
(1 + ηµx (1 + g (x)))kai afoÔ

|ηµx (1 + g (x))| = |ηµx| |(1 + g (x))| ≤ (1 + g (x))sumpera�noume ìti − (1 + g (x)) ≤ ηµx (1 + g (x)) ≤ 1 + g (x) �ra apì to krit rioth parembol  afoÔ lim
x→+∞

(g (x) + 1) = 0 ja e�nai kai lim
x→+∞

ηµx (1 + g (x)) = 0.Epomènw ja e�nai lim
x→+∞

1
1+g(x)

(1 + ηµx (1 + g (x))) = +∞ opìte kai
lim

x→+∞

(

1

1 + g (x)
+ ηµx

)

= +∞
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